What distinguishes two asymptotically-free non-abelian gauge theories on R 4 , one of which is just below the conformal window boundary and confines, while the other is slightly above the boundary and flows to an infrared conformal field theory? In this work, we aim to answer this question for non-supersymmetric YangMills theories with fermions in arbitrary chiral or vectorlike representations. We use the presence or absence of mass gap for gauge fluctuations as an identifier of the infrared behavior. With the present-day understanding of such gauge theories, the mass gap for gauge fluctuations cannot be computed on R 4 . However, recent progress allows its non-perturbative computation on R 3 × S 1 by using either the twisted partition function or deformation theory, for a range of sizes of S 1 depending on the theory. For small number of fermions, N f , we
1. Introduction and summary
Phenomenological motivation
There exist numerous suggestions that (near-)conformal strong gauge dynamics can address various problems in models of elementary particle physics. Perhaps, the most pressing issue in particle physics, to be studied at the LHC, is the problem of electroweak symmetry breaking. A strongly-coupled, vectorlike or chiral, gauge theory without elementary Higgs scalars may in principle induce the dynamical breaking of electroweak symmetry. Using a scaled-up version of QCD to this end, however, is ruled out by electroweak precision data. In addition, in its minimal form, the model fails to produce a satisfactory spectrum of the standard model particles. It has been argued that gauge sectors with near-conformal or conformal behavior can help solve phenomenological problems of fine-tuning and flavor in models of dynamical electroweak symmetry breaking: see [1] [2] [3] for early references on "walking" technicolor and the more recent "conformal technicolor" proposal of [4] . Conformal sectors are an integral part of the recent "unparticle" paradigm [5] . There is also a vast literature on weakscale model building using warped extra dimensions, inspired by Randall-Sundrum models [6] . These models are thought to be dual to (broken) conformal field theories, see [7] and references therein.
However, our current understanding of strongly-coupled gauge theory dynamics is rather poor and phenomenological models using near-conformal dynamics have to often rely on dynamical assumptions. Even the question of which asymptotically free gauge theories flow to conformal field theories in the infrared is not satisfactorily answered, not to speak of having control over properties such as the scaling dimensions of various operators, see [8, 9] for recent first-principle studies. This an important theoretical issue, whose better understanding may be of future phenomenological relevance.
For a subclass of QCD-like gauge theories with fundamental matter, when N f is close to the upper boundary of the conformal window, the existence of a conformal fixed point can be shown reliably within perturbation theory [10] . Such fixed points are called Banks-Zaks fixed points and have a tunable small coupling. Theories with two-index representation fermions, including multi-generation chiral gauge theories, do not possess fixed points with tunably small coupling constants and thus have no Banks-Zaks limit. However, it is believed that they have conformal windows as well. The standard expectation regarding the phases of such gauge theories can be shown in a simple phase diagram:
There are multiple (well-known) conceptual questions regarding these theories:
• Mechanisms of confinement and conformality: What distinguishes two theories, one just below the conformal boundary and confining, the other slightly above the conformal window boundary? In other words, why does a confining gauge theory confine and why does an IR-CFT, with an almost identical microscopic matter content, deconfine?
• Type of phase transition: What is the nature of phase transition from the confined phase to the IR-CFT phase, for example, in theories where N f /N c can be continuously tuned?
• Lower boundary of conformal window: What is the physics determining the boundary of conformal window?
Many of the questions regarding non-supersymmetric vectorlike or chiral gauge theories on R
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are beyond the scope of our current analytical understanding of quantum Yang-Mills theories and we will not come to grips with them fully. At this front, one may hope that numerical lattice gauge theory may be of use. However, there are well-known practical difficulties in lattice gauge theories with vectorlike fermions in the chiral limit, and much more severe difficulties for theories with chiral matter. Furthermore, a practical lattice gauge theory simulation is set on T 4 . For confining gauge theories, the notion of sufficiently large T 4 is meaningful and provides a good description of the target theory on R 4 . On the other hand, if the target theory is conformal, the analysis of the lattice theory will be more tricky due to finite volume effects.
Review of known diagnostics of confinement vs. conformality
We begin by reviewing the known approaches to determining the conformal window in nonsupersymmetric theories. As will become clear from our discussion below, we believe that, up-to-date, only the lattice approach offers a controllable first-principle determination. However, the lattice still suffers from technical difficulties (for general gauge groups and representations) and, in its current state, only works for vectorlike theories. Thus, it is worthwhile to study new approaches to the conformalityconfinement transition, applicable to any theory, as they might provide further insight and guide future studies.
The main idea of this paper is to approach the problem by studying the behavior of the mass gap for gauge fluctuations as a function of the volume. We consider the gauge theories of interest in a centrally-symmetric vacuum on a partially compactified geometry R 3 × S 1 and use the fact that at small S 1 the mass gap and its volume dependence can be reliably calculated. We find that the volume dependence of the mass gap changes as N f is increased and use this to estimate the boundary of conformal window. While our estimate of the conformal window in R 4 is based on a conjecturea quality shared by most other estimates-our results are similar (for vectorlike theories, where a comparison can be made) to those of previous analytic approaches, see §6. This similarity occurs, somewhat to our surprise, despite the quite different framework used.
2 For multiple-generation or "quiver" chiral gauge theories, see §5, our estimates of the conformal window are the only ones we are aware of.
Truncated Schwinger-Dyson equations
Most work in the literature is focused on vectorlike gauge theories and uses a fermion bilinear condensate ψ ψ as an order parameter to identify the conformal window. The basic idea behind this approach is the standard assumption that confining non-supersymmetric vectorlike gauge theories on R 4 will also exhibit chiral symmetry breaking (χSB). An IR-conformal field theory, on the other hand, is free of any dynamically generated scale or any (chiral) condensates. Then, the expected phase diagram is:
This idea is usually implemented in the ladder approximation to the Schwinger-Dyson equations for the chiral condensate (the "gap equation," see [11] for a clear and up-to-date introduction). The critical value of the coupling that triggers χSB corresponds to a large anomalous dimension of the fermion bilinear, typically γ ≈ 1. The critical coupling, if reached at the (putative) fixed point α * of the beta function, triggers chiral symmetry breaking, generates a dynamical mass for the fermions, and changes the flow of the coupling away from the fixed point to that of the pure YM theory. In contrast, if the fixed-point coupling is smaller than the critical value, γ(α * ) < 1, chiral symmetry is unbroken and the expected behavior is IR-CFT. Comparing the critical and fixed-point couplings as a function of N f allows for an estimate of N * f , see e.g. [12] [13] [14] [15] [16] [17] The validity of the approximations used in deriving the bounds on the conformal window in the Schwinger-Dyson approach is discussed in the literature (see [12] , as well as [18] , which uses another formalism combined with higher-order calculations, to obtain somewhat different, typically lower, estimates of the lower boundary, N * f , of the conformal window in vectorlike theories). Usually, the precision of results from the Schwinger-Dyson equations is gauged by estimating their variation due to the next-order loop correction. While this may be a useful guide, we note that the perturbative loop expansion misses nonperturbatively generated multi-fermion interactions due to nontrivial topological excitations (such as instantons, instanton molecules, or instanton "quarks") that become important near the transition, where the coupling is typically strong, see [19, 20] . Hence, the errors inherent to the Schwinger-Dyson approach are, most likely, underestimated.
Leaving aside a precise estimate of the uncertainty due to truncating and approximating the Schwinger-Dyson equations (as well as the critical and fixed-point values of the coupling), we note that an approach to determining the conformal window using equations for the fermion propagator is not appropriate in chiral gauge theories. In such theories, an expectation value of the fermion bilinear is forbidden by gauge invariance. Furthermore, there are well-known examples of chiral gauge theories believed to exhibit confinement without χSB, the classic example [21] being an SU(5) gauge theory with 5 and a 10 representation Weyl fermions. Chiral gauge theories with a large number of generations or with added extra vectorlike matter, however, are also expected to have conformal windows, hence it is desirable to develop techniques that are also applicable to such theories.
Supersymmetry-inspired estimates
In N = 1 supersymmetric theories, there is a relation between the anomalous dimensions of chiral matter superfields and the all-order NSVZ beta-function of the gauge coupling. In addition, the superconformal algebra relates the dimensions of chiral operators at an IR fixed point to their Rcharge. Together, these properties allow for a determination of the boundary of the conformal window in many supersymmetric examples, which passes many nontrivial tests (see [22] for a review and references).
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A similar, but, unlike NSVZ, not derived 4 by combining instanton calculus with supersymmetric nonrenormalization theorems, relation between the anomalous dimensions of fermion matter fields and the all-order beta function was conjectured for nonsupersymmetric theories in [26] . It was noted there that it implies features qualitatively similar to the NSVZ formula: as N f decreases away from the asymptotic freedom boundary, the value of the anomalous dimension of the fermion bilinear at the zero of the beta function (the putative IR fixed point) increases. The criterion γ(ψψ) ≤ 2-the unitarity bound, see e.g. [27] , on the fermion bilinear scalar operator-was used to place a bound on the lower end of the conformal window, N * f [28] . Since the validity of the NSVZ-inspired beta-function for nonsupersymmetric theories is unclear, whether these estimates are upper or lower bounds on N * f is uncertain. In addition, as in supersymmetry, the NSVZ-inspired estimates are more difficult (but not impossible) to apply to chiral gauge theories. Note also the work of ref. [29] on the application of Padè approximations to the beta function for estimates of the conformal window (the results are quoted in section 6.1).
Degree of freedom counting via thermal inequality
A constraint on the massless spectrum of strongly interacting asymptotically free gauge theories was conjectured in [30] , based on the expectation that the number of degrees of freedom decreases along the renormalization flow. It was conjectured that in the zero-temperature limit, the free energy of the massless IR degrees of freedom should be smaller than or equal to the similar quantity calculated for the massless fundamental (UV) degrees of freedom. The free energy inequality offers a simple degree-of-freedom counting criterion, which can be applied whenever a guess for the massless degrees of freedom of a strongly-coupled theory can be made (usually based on anomaly matching) and their free energy reliably computed.
In vectorlike SU(N ) gauge theories with N f massless fundamental flavors, ref. [30] found that it implies that the conformal window disappears for N f < 4N for N sufficiently large.
5 For higherdimensional (two-index) vectorlike representations, however, the inequality of [30] yields no constraints on the conformal window [33] , and for the multiple-generations chiral theories of §5 the inequality has not been applied.
Lattice gauge theory
The current state of the art allows lattice simulations of vectorlike gauge theories only. There have been several recent studies of the confinement to conformality transition in vectorlike SU(N ), N = 2, 3, gauge theories with one-or two-index fermion representations. We give references and a summary of recent lattice results in §6.3.
Mass gap for gauge fluctuations and the onset of conformality
It is desirable to probe confinement and conformality more directly, without any recourse to chiral symmetry realization and the fermion bilinear condensate, which does not always apply. Phases of gauge theories may be classified by using Wilson loop or 't Hooft loop (disorder) operators. Below, we will give some motivational description in terms of the Wilson operator W (C) on R 4 for various gauge theories as a function of N f . In theories without fundamental matter (or matter which can screen arbitrary external charges), the Wilson loop can be used to deduce the long distance interaction between test charges. Let Σ ⊂ R 4 denote a large rectangular surface with boundary C = ∂Σ and area is Area(Σ) = r × T . Then,
where ∼ sign refers to the asymptotic nature of these formulas, σ is the string tension, and g * is a coupling constant. For theories with sufficiently few fundamental matter fields, the expectation value of large Wilson loop is expected to obey W (C) ∼ c 1 e −σArea(Σ) + c 2 e −µPerimeter(C) .
The most robust aspect of the phase diagram given in (1.1) is that for confining theories, the gauge fluctuations are always gapped (short-ranged) and for IR-CFTs, the gauge fluctuations are always massless, hence infinite-range. The natural scale of gauge fluctuations is the characteristic size of flux tubes for these gauge theories on R 4 :
We refer to this characterization of IR confinement-conformality as mass gap for gauge fluctuations criterion.
We suggest the following simple picture regarding the transition from confined to conformal phase. Consider a class of gauge theories with a fixed small coupling g 2 (µ) at the UV cutoff µ. For zero flavors, this is pure YM theory on R 4 . This theory is believed to possess a mass gap and exhibit confinement.
The mass gap is of the order of the inverse of the flux tube thickness. As the number of fermion representations N f is increased while remaining in the range N f < N * f and holding g 2 (µ) fixed, the range of the gauge fluctuations will increase gradually. Upon crossing the conformal window boundary, for N * f < N f < N AF f , the screening effects of the fermions cause the gauge fluctuations to become infinite range and the mass gap to vanish.
Unfortunately, there is no known analytic way to quantify this picture on R 4 in a reliable manner.
In particular, on R 4 , we do not know how to calculate the mass gap (or absence thereof) for gauge fluctuations for a given gauge theory. Obviously, pursuing the criterion of eqn. (1.4) to the confiningconformality problem does not a priori strike us as a smart strategy, as it maps the problem on the onset of the conformal window to the "mass gap" problem for gauge fluctuations.
Recently, however, there has been significant progress in our understanding of non-supersymmetric gauge theories by using circle compactification down to R 3 × S 1 [31, [34] [35] [36] [37] [38] . Circle compactification was used earlier in the supersymmetric context as a controllable deformation of supersymmetric gauge theories [39, 40] . Many results regarding supersymmetric YM theories on R 4 were obtained by starting from a finite-size R 3 × S 1 -such as the chiral condensate [41] , mass gap, and moduli spaces. In the non-supersymmetric case, the new ingredient is the use of the twisted partition function and deformation theory, which make the study of non-supersymmetric theories at small S 1 as tractable as the supersymmetric ones. In some theories, it has been conjectured that the small and large S 1 regimes are smoothly connected-the "smoothness conjecture"-and in many cases, lattice studies have shown results supporting this conjecture [42] [43] [44] [45] [46] . A more refined version of the smoothness conjecture is at the heart of the study of our confinement-conformality diagnostic, as we explain in the following sections.
Circle compactification, twisted partition function, and deformation theory
In this section, we recall the main features of the compactification on a non-thermal circle (the twisted partition function) and of deformation theory which make center-symmetric theories on small S 1 semiclassically solvable.
Circle compactification is a quantization of a gauge theory on R 3 × S 1 by using translationally invariant periodic boundary conditions for fermions. Consequently, the path integral translates, in the operator formalism, not to the thermal partition function, but to a zero-temperature "twisted" partition function:
where H is Hamiltonian, tr is over the Hilbert space, L > 0 is the circumference of S 1 , and (−1) F is fermion number modulo two. 6 Unlike thermal compactification, where all asymptotically free confining 6 The periodic boundary conditions are sometime referred to as "unphysical" boundary conditions. This charac-gauge theories undergo a transition to a deconfined quark-gluon phase at sufficiently high temperature, in a circle compactification, there may not be any phase transitions at all.
For example, in pure N = 1 supersymmetric YM (SYM) theories with supersymmetry preserving boundary conditions, there is compelling reason to believe that there is no phase transition as a function of radius. Recently, the first examples of non-supersymmetric gauge theories which do not undergo a center-symmetry changing (the analog of confinement-deconfinement) phase transition were also found. Such center-symmetric theories provide new insights into gauge dynamics and shed light on the confinement and mass gap problem [34] . Soon after these examples, deformations of Yang-Mills theories and QCD on R 3 ×S 1 that we refer to as YM * and QCD * were constructed in [35, 36] . The role of the deformation is to stabilize center symmetry and guarantee that, at least in the sense of center symmetry, the small-S 1 YM * theory can be smoothly connected to the corresponding YM theory at arbitrarily large S 1 . Furthermore, in the center-symmetric small-S 1 YM * theory confinement can be understood quantitatively in the semiclassical approximation.
Currently, with the help of deformation theory, we have a detailed and quantitative understanding of gauge theories on R 3 × S 1 at sufficiently small L, including many chiral gauge theories [31, 37] .
Perhaps to the surprise of the past, the topological excitations which lead to a mass gap in almost all theories are not monopoles (or more precisely monopole-instantons), but rather more exotic-and not (anti-)self-dual-excitations. These are the magnetic "bions", "quintets", and other interesting composites of the fundamental monopoles and Kaluza-Klein antimonopoles. As already mentioned and further explained below, in center-symmetric theories at small L we can reliably evaluate the mass gap for gauge fluctuations by using semiclassical techniques. The mass gap depends on the details of the theory, such as the rank of the gauge group, the number of flavors, and matter content (representations R of multiplicity N f ):
If we can take the L → ∞ limit of (1.6), we can also deduce, according to our mass gap criterion (1.4), which theory will confine and which will exhibit conformality. However, in ref. [37] (and others), we have typically considered few-flavor theories with a strong scale Λ. In these theories, the condition of validity of semiclassical approximation is that the size of S 1 is sufficiently small:
Thus, in confining gauge theories, we can never take the decompactification limit while remaining within the semiclassical window. This is of course, understandable. The semiclassical approximation requires diluteness of topological excitations and for confining gauge theories when ΛL ∼ 1 the topological excitations become non-dilute.
terization is incorrect. e Z(L) may be used to observe zero temperature quantum phase transitions as a function of compactification scale L, which are generically richer than thermal transitions. Moreover, in supersymmetric theories, e Z(L) is the usual supersymmetric index and is independent of S 1 size.
Dilution of topological excitations on R
3 × S 1 and conformality on R
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In this section, we discuss a calculable example of the main effect providing the intuition behind our estimate of the conformal window-we argue that in theories that become conformal on R 4 we expect the effects of topological excitations to be diluted in the large volume limit.
To this end, we first construct an example of an asymptotically free non-supersymmetric gauge theory where one can take the decompactification limit (or take arbitrarily large L) while remaining within theoretical control. This gauge theory can thus be studied (even without lattice) by using semiclassical techniques and bounds on the mass gap can be obtained, exhibiting absence or presence of confinement. Such theories, a.) must be close to the upper boundary of the conformal window with a weakly coupled infrared fixed point, and, b.) upon compactification on R 3 × S 1 , they must not break their center symmetry. Even if center symmetry breaks, there must exist a repulsion between the eigenvalues of the Wilson line on S 1 leading to dynamical abelianization without charged massless fermions. These two criteria guarantee that the theory is weakly coupled on R 4 (a.) and that at finite L it abelianizes and remains weakly-coupled, instead of flowing to strong coupling (b.).
A simple example (there are many other theories in this class, but we will not discuss them in this work) of such theories is the SU(2) YM theory with five adjoint Weyl fermions, a theory belonging to a general class that we refer to as "QCD(adj)". In §2, we show that the non-perturbative physics of this class of theories is amenable to a semiclassical treatment at any size of S 1 . Within the semiclassical approximation, which is believed to be arbitrarily accurate at weak coupling, a bound on the mass gap in the gauge sector is given by (with N = 2 for this example):
where g * is the fixed point of the renormalization group (RG) flow and c is a factor which may also depend on g 2 in a power-law manner. The inverse of the mass gap (1.8) for gauge fluctuations is the characteristic scale of gauge fluctuations ∼ L exp 8π 2 g 2 * N . The fact that the inverse mass gap increases with increasing L tells us that the topological excitations will eventually dilute away to zero. The mass gap goes to zero in the decompactification limit, as opposed to small-N f gauge theories for which topological excitations become non-dilute at LΛ ∼ 1. For a theory where (1.8) holds the IR-CFT option should be realized according to our mass gap criterion (1.4).
Motivated by this calculable example, the strategy behind our estimates of the conformal window is as follows. For each theory, at small L we can reliably estimate the mass gap for gauge fluctuationsthe mass of the dual photon(s). Most important for our estimate of the conformal window boundary is the behavior of the mass gap as a function of L while keeping the strong-coupling scale of the theory Λ the same for all N f , in order to compare theories with different fermion content. We will show that for small number of fermion representations, N f , the mass gap is always an increasing function of L. However, when the number of fermions is increased beyond some value, N * f , the mass gap becomes a decreasing function of L. Our estimate of the lower bound of the conformal window is the value of N * f when this change occurs. The intuition about the behavior of the mass gap and the possible caveats are illustrated on fig. 1 and are further discussed below. : mass gap is a decreasing function of radius. There are theories in this class for which semiclassical analysis applies at any size S 1 . c.) Mass gap may start decreasing in the semiclassical domain, but may possibly saturate to a finite value on R 4 . This may happen, for example, if χSB takes place on the way. d.) Mass gap starts to increase in the semiclassical domain, but before reaching ΛL ∼ 1, the coupling reaches a fixed point value without triggering χSB and the mass gap decreases to zero at larger scales. We will argue that a.) and b.) occur at small and large N f , respectively, in all classes of theories we consider. We do not know whether c.) and d.) occur in any of the theories we consider and our semiclassical methods are of no help in this regard. We note, however, that c.) and d.) are mutually exclusive-if either kind of behavior exists in a given class of theories for some N f , the other kind is not expected to occur, see the text.
1.7 A conjecture: IR conformal or confining on R 4 ?
As we saw above, our findings suggest a way to understand why two gauge theories which are microscopically almost identical (for example, just above and below the conformal window) may flow into drastically different infrared theories. We suggest that in order to see the difference, we must either use the twisted partition function with a judicious choice of matter content so that (approximate) center symmetry is preserved at any radius, or stabilize the center symmetry externally by using center stabilizing double-trace deformations. Once this is done, we expect that, for IR-CFTs, the topological excitations become more irrelevant with increasing the size of S 1 , and for confining theories, the topological excitations become more relevant with increasing size of S 1 , hence our title.
The behavior shown on fig. 1a . is the one expected to occur in confining theories: the topological excitations become less dilute in the decompactification limit, causing confinement (and χSB, when it occurs). This is the behavior known to occur in all cases at sufficiently small N f . Similarly, the mass gap behaves as in fig. 1b . for sufficiently large N f , for example close to the asymptotic freedom boundary, where the IR fixed point of the two-loop beta function is at small coupling.
We do not know whether the behaviors of the mass gap shown on figs. 1c. or 1d. occur in any of the multi-flavor vectorlike or multi-generation chiral gauge theories considered in this paper. The first case, fig. 1c ., would imply that while the mass gap decreases with L in the semiclassical regime, near ΛL ∼ 1 multifermion operators due to various kinds of monopoles (and/or gluon exchange) become sufficiently strong to trigger dynamical symmetry breaking and change the behavior of the gauge coupling at large scales. The second case, 1d., would imply that while the mass gap increases with L for LΛ 1, as L is increased the gauge coupling reaches the fixed point value, without causing any condensates to occur, and the large-L scaling of the mass gap in the decompactification limit is then as in eqn. (1.8).
The natural expectation is that in a given class of theories (same gauge group but different number of fermion flavors or generations, N f ) either 1c. or 1d. can occur for some N f , but not both. This is because at small L and N f , the mass gap always increases with L (as we show in a controllable manner in later sections). Furthermore, since in R 4 the small N f theories are known to confine, 1a.
is the behavior realized at small N f . Now, upon increasing N f , it may happen that 1d. occurs before N * f is reached (in such cases, our estimate N * f for the conformal window boundary would be an upper bound thereof). Thus, a fixed point value of the coupling is reached without causing the dynamical breaking of any symmetry and the theory becomes conformal at some N f < N * f . Upon increasing N f past N * f , one expects that the mass gap will eventually behave as on 1b., as the theory which does not break the global symmetry and confine at smaller N f is not expected to do so as N f is increased, hence 1c. is not expected to occur for any N f if 1d. occurs.
Conversely, at small L the mass gap is always a decreasing function of the radius at N f > N * f and at sufficiently large N f it is expected that 1b. is always realized. Now, if 1c. occurs, the theory confines upon decrease of N f before it reaches N * f . But such a theory is expected to remain confining as N f is further decreased, i.e. 1d. is not expected to occur if 1c. occurs. In such cases, our estimate N * f for the conformal window boundary would be a lower bound thereof.
We note that the methods of this paper-as well as any theoretically controllable analytic methodsare not useful for deciding whether 1c., 1d. are actually realized in any of the theories we consider in this paper. 8 However, near-future lattice studies will be able to shed light on this question, at least in the vectorlike case.
Comparison with the case of thermal compactifications: At asymptotically high temperature fermions decouple and the long-distance theory is pure YM. The center symmetry is always broken, and the nonperturbative mass gap ("magnetic mass") is of order g fig. 1b . and 1c. occur, with the mass gap increasing with L, as opposed to the nonthermal compactification small-L behavior we find. The thermal compactification is of no use in our diagnostic of conformality or confinement.
Estimates for the conformal window
In this section, we present our results for N * f for a sample of theories and a give a brief comparison with the results of other approaches. These results, as well as those for other theories will be discussed in more detail in later sections.
For all center-symmetric gauge theories of our interest on small R 3 × S 1 , the mass gap for gauge fluctuations is of the form:
where the number q ∼ O(1) depends on the theory (see Table 1 , where
confining theories, we can convert the e
factor to a strong scale by using dimensional transmutation, via the one-loop beta function given in eqn. (A.6) (we do not demand the use of twoloop beta function due to the crude nature of our estimates). Of course, in an IR-CFT, there is really no dynamically generated strong scale and the scale introduced by the one-loop beta function is a fictitious one.
9 By using the one-loop definition of the strong scale, we then express (1.9) as:
If P > 0, the mass gap increases with L and we suggest that this should lead to a confined theory, and for P < 0 theories, we propose an IR-CFT. For confining theories, the region of validity of our semiclassical analysis is restricted to the ΛL 1 domain. We then expect (based on the wisdom gained from lattice gauge theory) that the mass gap should be saturated to a value of order Λ. As already mentioned, for at least a subclass of IR-CFTs, the semiclassical analysis is valid at any radius of the S 1 circle.
Below we present the results for a sample of vectorlike and chiral gauge theories. By QCD(F), we denote an SU(N ) gauge theory with N 
We discuss other interesting vectorlike and chiral theories in the rest of the paper.
Interestingly, our results for the conformal window for 2-index representation vectorlike theories are almost coincident with the ladder approximation approach [15, 17] 
, but differ by some amount from the SUSY-inspired approach of [26] (if the γ = 2 criterion is used). For fundamental fermions, on the other hand, our non-perturbative estimate is much closer to the NSVZ-inspired approach (which gives N * f = 2.75N [26] ), than the older estimates based on two-loop beta functions and the gap equation of [12, 15, 17] which yield a value slightly less than N * f ∼ 4N . We can thus summarize our findings for vectorlike theories as follows: 10 
Conformal window
Deformation theory
This result is rather surprising. As reviewed earlier, the ladder approximation approach relies on a truncated Schwinger-Dyson equation for the fermion self energy, a beta function usually at two-loop order, and a large anomalous dimension of the fermion bilinear (γ ∼ 1) triggering χSB. The SUSYinspired approach uses an NSVZ-type beta function for QCD and the lower unitary bound on the dimension of scalar operators (γ ≤ 2). On the other hand, our main result relies on knowledge of the topological excitations which lead to confinement and mass gap in the semiclassical regime on
and we use only the one-loop beta function. A priori, even the fact that these approaches produce results in the same ball-park is surprising, and we comment on some of the reasons in §6.
Outline
The lines of thought leading to our conformal window bounds and some of our results were already described in the Introduction above. The reader interested primarily in the results should jump to §6 where Tables 2, 3 , 4, 5, 6 present all our bounds and comparison with other estimates.
In the remainder of the paper, we give a more detailed discussion of the calculation of the mass gap in several classes of gauge theories, present the results for all other theories that we consider, and compare our findings to those of other approaches.
We begin, in §2, by considering SU(N ) gauge theories with N W f Weyl fermion adjoints (this is one of the few classes of theories for which we consider the derivation of our bounds on the conformal window in some detail). We first review the special properties of adjoint theories. In §2.1, we review the twisted partition function, the dynamical center-stabilization, and the main steps in the derivation of the long-distance effective theory for the N = 2 case, leading to the semiclassical estimate of the mass gap for the gauge fluctuations. In §2.2, we discuss the region of validity of the semiclassical analysis and argue that the N W f = 5 theory is solvable semiclassically at any value of L. The mass gap for the adjoint theories is considered in §2.3 and the bounds on the conformal window are derived via its small-L behavior. We also make some comments relevant to future lattice studies of N W f = 5 adjoint theories.
Next, we move to more general theories by first summarizing, in §3, the results of previous work for the mass gap at small L, for a variety of theories. Table 1 contains the main results used to obtain the conformal window estimates. In §3.1, we emphasize the importance of the novel composite topological excitations and their non-selfduality.
In §4, we consider vectorlike ("QCD-like") gauge theories. In §4.1, we study in some detail the infrared theory of an SU(3) gauge theory with one sextet-representation Dirac fermion, as it has not been previously considered in the literature (this theory is confining). In §4.2, we give our results for the conformal window for SU(N ) vectorlike theories with N Comparison of our results for the conformal window with those of other analytic approaches are given in §6. We begin, in §6.1, by giving comparisons of our approach with the truncated SchwingerDyson equations and supersymmetry-inspired estimates, see Tables 3, 4 , 5, 6. In §6.2, we compare some features of the various approaches. In §6.3, we compare with the available lattice data.
In §7, we conclude, discuss future directions and the possible relation of our work to recent work on the conformal-confining transition in multi-flavor QCD. Appendix A summarizes some formulae for the beta functions and the strong scale that we use.
Twisted partition function and QCD with N W f adjoint Weyl fermions
As discussed in the Introduction, Yang-Mills theories with N W f < 5.5 massless adjoint Weyl fermions, which we call QCD(adj), may be useful in some extensions of the standard model, for example, N W f = 4 may be a theory exhibiting near conformal ("walking") or conformal behavior. This theory has few other unique properties which make it perhaps the most special and analytically tractable one among all vectorlike theories.
• Unbroken (spatial) center symmetry: With periodic boundary conditions for fermions, these theories never break their (spatial) center symmetry when formulated on
in particular, on R 3 × S 1 , and T 4 .
• Large-N volume independence: In the large-N limit, the non-perturbative physics of QCD(adj) formulated on
The volume independence property at N = ∞ is an exact property of this class of gauge theories. It states, in particular, that if one can solve the reduced matrix quantum mechanics problem on arbitrarily small R × T 3 , it also implies the solution of the QCD(adj) on R 4 . In this paper, we will typically work with small N , and use exclusively the first property. The first property states that if one implements the chiral limit of this theory on the lattice and employs periodic boundary conditions for fermions, the analog of confinement-deconfinement transition of the thermal counterpart of this theory does not take place.
Studying the two-loop beta function for QCD(adj) for N W f < 5.5, we see that there is a fixed point for N W f = 3, 4, 5 at, respectively, couplings that can be characterized as strong, intermediate, and weak. The numerical values of the fixed-point couplings are:
In this section, we will explore another magical property of QCD(adj) with N W f = 5:
• Semi-classical solvability at any size of S 1 : Modulo a plausible assumption, see the discussion in §2.2, the SU(N ) gauge theory with N W f = 5 fermions is solvable at any size of S 1 radius while remaining within a reliable semiclassical domain.
This theory gives the first example of a non-supersymmetric non-abelian gauge theory for which the decompactification limit can be taken in a reliable fashion. We explain this in the following sections.
Review of the twisted partition function, one-loop potential, and magnetic bions
We first briefly review the dynamics of the non-supersymmetric QCD(adj) formulated on
(with fermions endowed with periodic spin connection) in its semiclassical domain. The aspect which makes this theory rather special is that adjoint fermions with periodic boundary conditions stabilize the center symmetry even at small S 1 . We are interested in the twisted partition function (1.5), which may be written as:
where B and F are the bosonic and fermionic Hilbert space of the gauge theory. The microscopic theory possesses a global (
is the anomaly-free discrete subgroup of the classical axial U (1) symmetry and Z 2 is the fermion number symmetry (the denominator is the factored out symmetry to prevent double counting; the genuine discrete chiral symmetry of the theory is only the Z N factor).
For unbroken center symmetry, it is crucial that one employs a circle compactification with periodic boundary conditions. Otherwise, for thermal (anti-periodic) boundary conditions and at sufficiently high temperatures, the center symmetry always breaks down and the theory moves to a deconfined phase. Fermions are gapped due to thermal mass and the long distance theory theory reduces to pure Yang-Mills theory in 3 dimensions. Although interesting on its own right, due to the fact that this theory is not continuously connected to the gauge theory on R 4 , it is not of particular interest to us in this paper. The difference in the center symmetry realization can be best understood by using the density matrix: in the thermal case, the density matrix is positive definite, and specifically at large N , the Hagedorn growth is indicative of some instability. With the use of the twisted partition function (2.2), the "twisted density matrix" is no longer positive definite. It is positive definite in the bosonic Hilbert space and negative definite in the fermionic one, ρ(E) = n∈B δ(E − E n ) − n∈F δ(E − E n ). This is how the circle compactification avoids the center symmetry change.
The stability of center symmetry even at arbitrarily small radius is a zero-temperature quantum mechanical effect, which can only occur in spatial circle compactification. It is not surprising that the physics of the small S 1 phase depends on boundary conditions. The difference as a function of boundary conditions reflects the distinction between the thermal and quantum fluctuations in the gauge theory.
Let Ω(x) = e i R A4(x,x4)dx4 denote the holonomy of the Wilson line along the compact spatial direction. Considering, for simplicity, the SU (2) case, it can be brought into a diagonal form by a gauge rotation:
In an appropriate range of L, where the gauge coupling is small, we may evaluate the one-loop effective potential for the spatial Wilson line reliably. The result, see the appendix of [35] , is:
where the (−1) factor is due to gauge fluctuations and the (+N Since the holonomy (2.6) behaves as an adjoint Higgs field, the separated eigenvalues lead to gauge symmetry breaking SU (2) → U (1) at a scale ∼ L −1 . At small L, the long-distance theory is that of a free photon. The 3d photon is dual to a free 3d scalar field, the dual photon σ. Furthermore, there remain N W f massless fermions λ I , neutral under the unbroken U(1)-the adjoint-fermion components which do not obtain mass due to the expectation value (2.6). Thus, the long-distance perturbative physics of the QCD(adj) theory at small L is described by a free field theory of σ and λ I , I = 1, ..., N W f . Nonperturbative effects, however, change this picture. It is by now well understood that due to gauge symmetry breaking via the holonomy (a compact Higgs field), there are two types of topological excitations, the BPS monopoles, which we denote by M 1 , and KK monopoles, denoted by M 2 [49, 50] . It is also well-known that in pure YM theory, these can "disorder" the system by generating a mass gap for the dual photon by Debye screening in the monopole/anti-monopole plasma. The mass gap of the dual photon causes confinement of external electric charges and the string tension is of order the mass squared. As we already stated, the calculation of the mass gap is under theoretical control in center-symmetric small-L theories.
11 As emphasized earlier, this stabilization is not possible with thermal boundary conditions. In that case, the one loop potential is: 5) and both the fermion-and gauge boson-induced terms prefer the breaking of center symmetry.
However, in the theory at hand, due to the existence of zero modes of the adjoint fermions, the BPS and KK monopoles cannot induce a mass gap for gauge fluctuations. Instead, they give rise to the following monopole operators in the long-distance theory:
IλJ ,
where M 1 and M 2 denote the operators generated by the anti-BPS and anti-KK monopoles, respectively, S 0 is the monopole action given in (2.9) below, and σ is the dual photon field. The number of fermionic zero modes for these two topological excitations is dictated by the relevant index theorem [47, 48] on R 3 × S 1 and are given by:
The 4d instanton operator may be viewed as a composite of these two types of monopole operators: 9) and is also unimportant for confinement at small L, as it is σ-independent.
Now, note that under the anomaly-free chiral symmetry
which is a Z 2 action. Thus, the invariance of the monopole operator demands that the dual photon transform by a discrete shift symmetry:
The [Z 2 ] * symmetry permits purely bosonic flux operators of the form: 11) which are referred to as "magnetic bions". They can be viewed as due to composites of the elementary topological excitations, M 1 and M 2 . Despite the fact that these two excitations interact repulsively via the Coulomb law, the fermion zero mode exchange generates a logarithmic attraction, which leads to the stability of magnetic bions [34] .
Summarizing the above findings, the theory dual to the SU (2) QCD(adj) in the semiclassical regime can be written as:
where I, J = 1, . . . N W f are summed over; the numerical coefficients b and c can contain power-law dependence on the gauge coupling g 2 (L), which is inessential for our estimates. The mass (squared) gap due to magnetic bions appears at second order (e −S0 ) 2 in the semiclassical expansion.
Region of validity and theories solvable at any size S
The range of validity of the one-loop potential (2.4), leading to center-symmetry preservation, depends on the particulars of a theory. Confining gauge theories on R 4 possess a strong scale Λ. For such theories, the one loop analysis is reliable if the running coupling is small, i.e, LΛ 1. The QCD(adj) theories with small number of flavors N W f = 1, 2, 3 are of this type. Plausibly, the N W f = 4 theory is also just below the conformal window or perhaps conformal.
However, the N W f = 5 theory seems to have an infrared fixed point at weak-coupling. In general, for asymptotically free theories with a weak coupling infrared fixed point, the region of validity of (2.4) and dual theory (2.12) extend to all values of S 1 radius. Let g 2 * denote the weak coupling fixed point, reached at the length scale L * . Since: 13) and the loop factor is small,
= 0.13 1, it seems plausible that the region of validity of the semiclassical analysis on R 3 × S 1 can be extended to arbitrarily large S 1 . Thus, the dual formulation (2.12) of the N W f = 5 theory is valid at any 0 < L < ∞ (of course, the dual theory only holds at energy scales below 1/L).
There is one caveat to this argument, which was also referred to in the Introduction. The fixedpoint value of the coupling constant in YM theories with matter in two-index representations cannot be tuned to arbitrarily small values, unlike the Banks-Zaks limit where the coupling constant can be tuned in such a way that three-and higher-loop corrections to the beta function are negligible. The fixed point in QCD(adj) with N W f = 5 is at a small finite value of the coupling constant. Thus, once the one-loop and two-loop beta function are balanced, the higher loop effects can also give sizable effects, and in this sense, there is no controllable expansion.
On the other hand, there are examples in which the Banks-Zaks limit extends to a regime
N , where
N . For example, in SUSY QCD, this window is
For some of these theories, the fixed point coupling is small and finite, and higher order effects in the beta function are not totally negligible. However, there is reason to believe that the higher effects do not destabilize the fixed point. In view of the small value of the coupling constant, we envision that this may be the case in N W f = 5 QCD(adj). Therefore, our assertion regarding the validity of our semiclassical solution for this theory should be viewed as conjectural. Nonetheless, this conjecture may be tested on the lattice if sufficiently light fermions can be used in simulations.
Mass gap, non-perturbative bounds, and conformal window
As explained in §1.8, using the one-loop beta function, β 0 , we can rewrite the magnetic bion induced mass gap in terms of the strong coupling scale:
14) where, as in (2.13), we denote by g(L) the running coupling at the energy scale 1/L. Note that the scale Λ may or may not be dynamically generated in the gauge theory; for a CFT, Λ ∼ L −1 * , the scale where the coupling reaches the fixed-point value.
Next, using (2.14), the bion-induced mass gap for the dual photon from the second term in (2.12) can be cast in the form:
This expression is valid for all QCD(adj) theories in their semiclassical domain ΛL 1 where abelian confinement holds. For theories with a low number of flavors, the theory moves to a non-abelian confinement domain when ΛL ∼ 1 and one loses analytical control over the semiclassical approximation. However, one expects a mass gap for gauge fluctuations of the order of strong scale to saturate to a value of order the strong scale Λ. For the theories in the conformal window, as the N W f = 5 QCD(adj), the mass gap is a decreasing function of radius; according to our conjecture, this theory will flow to an interacting IR-CFT on R 4 .
For the QCD(adj) class of theories, the mass gap at large S 1 is expected to be:
From eqn. (2.15), we observe that the change of behavior of the mass gap as function of L occurs at N * f = 4, hence the estimate for the conformal window in QCD(adj) that we obtain from our conjecture is:
It is interesting to note that an IR-conformal field theory on R 4 actually exhibits confinement without χSB when compactified on R 3 × S 1 with small L. However, the scale at which confinement sets in is most likely invisible in lattice gauge theory, as the estimates given below show. We think that if this theory is simulated on the lattice, instead of the confinement phase, an abelian Coulomb phase with massless neutral fermions and photons will be observed for a practical range of lattice parameters (provided the W -bosons of mass ∼ L −1 can be distinguished from the massless photons).
To see this, consider an asymmetric lattice which mimics the R 3 × S 1 geometry:
The correlation length of gauge fluctuations (2.15) is:
As we discussed in the previous section, we expect that in the N W f = 5 theory this result is valid at any L, including L > L * . In the decompactification limit, (2.16) states that the mass gap for gauge fluctuations vanishes or the correlation length is infinite. The fixed point of the beta function, see (2.1), is approximately located at g 2 * = 1.7. This means that confinement in this theory (formulated as indicated in (2.18)) will set in at distances e enhances to an emergent continuous U (1) J shift symmetry for the dual photon. On R 4 , we do not expect dynamical abelianization to take place at any length scale in QCD (adj) with N W f = 5. Rather, we expect the W -boson components of the gauge fluctuations to remain massless as well. We conclude that all the topological excitations in this gauge theory, magnetic monopoles, magnetic bions, and instantons are irrelevant in the renormalization group sense. The long distance theory on R 4 is described in terms of the short distance quarks and gluons, and the long distance lagrangian is same as classical lagrangian. The theory is in a non-abelian Coulomb phase of interacting quarks and gluons. To the best of our knowledge, this is the first non-supersymmetric non-abelian gauge theory example where non-perturbative dynamics can be understood semiclassically at any L, including the decompactification limit.
3. Classifying confinement mechanisms in vectorlike and chiral theories on
The essence of the recent progress in asymptotically free YM theories with or without fermionic matter is that new quantitative methods to study the non-perturbative dynamics were found. In particular, at small S 1 , and sometimes at any size S 1 , it is possible to understand the IR dynamics by using semiclassical methods and the relevant index theorem on S 1 × R 3 [47, 48] . The confinement mechanisms in various vectorlike and chiral theories can thus be understood in a controllable manner. For detailed discussions of these mechanisms, see [31, [34] [35] [36] [37] [38] . The above studies showed that the mechanism of confinement in center-symmetric gauge theories on R 3 ×S 1 depends very much on the details of the theory. In Table 1 , we provide a list of confinement mechanisms in many interesting SU(N ) gauge theories with vectorlike and chiral matter; the results are obtained similar to the analysis for the SU(2) QCD(adj) theory given in §2. The notation we use in Table 1 and elsewhere in the paper to refer to the various classes of theories we consider is as follows:
• "YM" denotes pure SU(N ) YM theory.
• "QCD(F)" is the vectorlike SU(N ) theory of N D f Dirac fundamentals.
• "SYM/QCD(adj)" is the vectorlike SU(N ) theory of N W f copies of adjoint representation Weyl fermions, whose dynamics for N = 2 is considered in detail in §2; SYM indicates that the N W f = 1 theory has 4d N = 1 supersymmetry.
• "QCD(BF)" is a vectorlike SU(N )×SU(N ) gauge theory with N D f Dirac fermions in the bifundamental representation.
• "QCD(AS)" is the vectorlike SU(N ) theory of N D f two-index antisymmetric tensor Dirac fermions.
• "QCD(S)" is the vectorlike SU(N ) theory of N D f two-index symmetric tensors Dirac fermions.
• "SU(2) YM I = 3/2" denotes the chiral three-index symmetric tensor Weyl-fermion theory [31] .
• "chiral [SU (N )]
K " denotes an SU(N ) K quiver chiral gauge theory with N W f copies of Weyl fermion bifundamentals under any two neigboring gauge groups, see §5.3. Index for instanton Table 1 : Topological excitations which determine the mass gap for gauge fluctuations and chiral symmetry realization in vectorlike and chiral gauge theories on R 3 × S 1 . Unless indicated otherwise, all theories have an SU(N ) gauge group and their matter content was described earlier in this section. Confinement is induced by topological flux operators which do not have any fermionic zero modes. Monopole operators (with fermion zero mode insertions) cannot lead to confinement. In cases where most monopole operators carry fermion zero modes, the magnetic bions generate the mass gap. However, monopole operators have typically fewer fermionic zero modes than the 4d-instanton, hence are more relevant for the chiral symmetry realization. The index theorems are given for N f = 1 "flavors", for N f > 1, multiply the above results by N f .
The knowledge displayed in Table 1 for the various confinement mechanisms for center-symmetric theories on R 3 × S 1 at small L is at the heart of the main results of this paper and our answer to the main question that we pose: on R 4 , why does an IR-confining gauge theory does confine and why does an IR-conformal theory flow to a CFT? Crucial for this purpose is the order in the semiclasical expansion at which topological excitations give rise to the dual photon mass. Using the one-loop result e −S0(L) ≡ (ΛL) b0 (b 0 = β 0 /N , see (2.14)), we can determine the dependence of the mass gap on N f and L, at fixed Λ, in any of the gauge theories given above and apply our diagnostic. The fact that for fundamentals, QCD(F), the mass gap is of order e −S0/2 , while it is generically of order e −S0
in two-index theories makes for important differences between our estimation and estimates based on the ladder approximation and the NSVZ-inspired approach (when the γ = 2 criterion is used). This difference is of a non-perturbative nature (regarding the confinement mechanism) about which all-order summations of rainbow graphs cannot account for.
Non-selfduality and magnetic bions, triplets, quintets
As summarized in Table 1 , a large class of novel topological excitations were discovered in non-abelian gauge theories on R 3 × S 1 during the last two years. These excitations are referred to as magnetic bions [34] , triplets (see §4.1 and figure 2), and quintets [31] . Perhaps, the most striking property of these excitations is that they are non-selfdual, unlike the monopoles or instantons. However, they can be viewed as composite topological excitations, which are bound states of the selfdual and anti-selfdual excitations. Here, for completeness, we will say few words on this new class of topological excitations. The usual 't Hooft-Polyakov monopole and BPST instanton are solutions to the classical equations of motion. On The magnetic bions, triplets, and other topological composites are not solutions to the PS-type equations. However, they are permitted by symmetries and are stable quantum mechanically. The common thread of all these excitations is that they carry a net magnetic charge, but no fermionic zero modes. Hence, unlike the generic case with monopoles, they are able to produce confinement, in a regime where semiclassical techniques apply.
Interestingly, the electromagnetic interaction between the constituents of these composite excitations is always repulsive and one may not a priori expect them to form bound states. However, these objects have fermionic zero modes (the relevant indices are given in Table 1 ). The zero modes induce attraction which overcomes the Coulomb repulsion between the constituents [34] . 12 The main lesson that we learned in the last few years is that non-perturbative aspects of both chiral and vectorlike theories are amenable to semiclassical treatment by using either twisted partitions function or deformation theory. In all cases, the cause of confinement is due to topological objects which are non-(anti)selfdual. The fact that these objects are non-selfdual is the main reason that they were not discovered earlier.
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The selfdual objects, like monopoles, also play a role in the dynamics, e.g. in the spontaneous breaking of global chiral symmetries. At this end, there is also a crucial difference between chiral and vectorlike theories. In all chiral theories but SU (2) with I = phenomenon may be tied with the complex phase of the fermion determinant in general chiral gauge theories.
Deformation theory and conformal windows in QCD with complex representation
Our next goal, similar to §2, is to address the dynamics of asymptotically free Yang-Mills theories
Dirac fermions in a complex representations of the gauge group, such as QCD(F), QCD(BF), QCD(AS), and QCD(S) (see §3 for the definition of these theories). Since these are all vectorlike theories with Dirac fermions in various representations R, we refer to them collectively as "QCD(R)" in what follows.
We wish to understand the IR aspects of these theories, whether they yield confinement or conformality, and the non-perturbative aspects which lead to one or the other option. As there are no current tools to address these questions directly on R 4 , we use circle compactification to R 3 ×S 1 . Once compactified on R 3 × S 1 , none of the YM theories with complex representation fermions preserve the (approximate) center symmetry at sufficiently small circle, regardless of whether one uses periodic or anti-periodic boundary conditions. This is unlike adjoint fermions. The reason that periodic boundary conditions for R = {F, S, AS, BF} cannot stabilize center symmetry is the misalignment of the color representations of fermions and gluons. However, it was recently shown that it is possible to deform the QCD(R) in the small-circle regime so that the deformed theory smoothly connects to the large S 1 limit of the original theory, at least for theories without continuous flavor symmetries. For gauge theories with massless multiple flavors, this deformation guarantees that there is no distinction between small-and large-S 1 physics in the sense of center symmetry. However, in theories with continuous chiral symmetries, there may still be χSB transitions on the way [38] . The utility of deformation theory is that it allows a controlled semiclassical analysis of the nonperturbative aspects of the theory, as was the case in QCD(adj) of §2. We refer to the deformed QCD theories as QCD*. We assert that QCD(R) * formulated on R 3 × S 1 can be used to deduce aspects of the infrared behavior of QCD(R) on R 4 . Following the same strategies as in QCD(adj), we will give an estimate of the conformal window via our mass gap criterion. As already noted, the confinement mechanisms of QCD(F/AS/BF) * for small number of flavors are already described in the literature [35] and are given in Table 1 . QCD(S)* was not studied in detail in ref. [35] due to its similarity to QCD(AS)* at large N . At small N , it exhibits a novel mechanism of confinement, which we discuss below. Hence, we begin by first discussing the dynamics of QCD(S) with N Higgsing by the adjoint holonomy. As before, since the holonomy is compact, there are 3 types of topological excitations, 2 BPS and 1 KK monopole, which we call M 1,2,3 , respectively. The index theorem on R 3 × S 1 [48] yields:
zero modes per each monopole. The three monopole-induced operators are (schematically):
Here, α 1 , α 2 are simple roots of the Lie algebra of SU (3), α 3 = −α 1 − α 2 is the affine root, and σ = (σ 1 , σ 2 ) are the two dual photons. An explicit basis for the affine root system is:
The charges of the magnetic monopoles under the unbroken U (1) 2 gauge group are 4π g α i . Similar to (2.7), the antimonopole operators are conjugate to those shown in (4.2).
The invariance of the monopole operators under the Z 10 symmetry demands, as usual, the dual photons to transform under a Z 5 topological symmetry: The Z 5 shift symmetry forbids all pure flux operators of the type e −S0 e iαi·σ , as is also clear from the index theorem. At order e −2S0 , the only permitted operator is:
This excitation is a magnetic bion, a composite of M 1 M 2 . As there are two types of photons, and the magnetic bion only renders one linear combination massive, this excitation by itself is not sufficient to generate a mass gap in the gauge sector of QCD(S). At order e −3S0 , the Z 5 symmetry permits two flux operators:
which may be referred as magnetic triplet operators as they may be viewed as composite of three elementary monopoles, see fig. 2 . Thus, the mass gap in the gauge sector of SU(3) QCD(S) is due to the magnetic bion and triplets B 1 , T 1 , T 2 . The masses of the dual photons can be inferred from the potential terms in the dual lagrangian, which, as (2.12), is of the form:
From the one loop definition of the strong scale (A.5) or (A.6), we have e
, the masses of the two types of dual photons are proportional to: [35] . Here, we provide a summary of the results. There are, as usual in SU(N ), N types of elementary monopole operators. The number of fermionic zero modes associated with each of these topological excitations is given by:
where I inst is the number of zero modes associated with an instanton. Confinement is induced by (N − 2) magnetic bions, which appear at order e −2S0 in semiclassical expansion, and by 2 magnetic triplets, which appear at order e −3S0 . The masses for the dual photons are:
According to our conjecture, the theories for which the mass gap vanishes with increasing radius are the ones which flow to IR-CFTs on R 4 . One subtlety in the case of SU(N ) gauge theory with N D f symmetric representation fermions is that the mass gap is not solely induced by magnetic bions. The magnetic triplets may also have some impact. But at large N , the majority of gauge fluctuations is induced by the N − 2 types of magnetic bions and 2 types of magnetic triplet operators. Thus, taking the bion effects as the dominant one, we estimate the conformal window to appear in the range:
Note that the N → ∞ limit of the conformal window for QCD(S) converges to the same range as the QCD(adj) with N W f adjoint Weyl fermions. This is not an accident. In fact, this will be a recurring theme for all the two-index vectorlike and chiral theories. The underlying reason is the (nonperturbative) large-N orbifold and orientifold equivalence [51, 52] .
SU(N) QCD with N

D f fundamental fermions
In QCD(F)*, in the small S 1 regime, there are N types of elementary monopoles. The 2N f zero modes of an instanton localize to one of the monopoles, and the remaining (N − 1) monopoles do not carry any fermionic zero modes:
Consequently, all the gauge fluctuations acquire mass by monopole operators, all of which appear at order e −S0 . The characteristic mass gap, using
The mass gap is an increasing function of L for 5 − 2N D f /N > 0, which corresponds to the confining gauge theories according to our criteria. With increasing LΛ, the monopoles become less dilute and the semiclassical approximation ceases to be valid when LΛ ∼ 1. The conventional expectation is that such theories in the LΛ ∼ 1 regime must exhibit non-abelian confinement.
For 5 − 2N
D f /N < 0, the opposite behavior ensues. The mass gap is a decreasing function of the radius, which means the characteristic length of gauge fluctuations increases with increasing radius. Thus, for theories with fundamental fermions, our estimate of the conformal window is
Note that the two-loop coefficient β 1 of the QCD(F) theory beta function (see (A.1)) flips sign atÑ f = 34N 13−3/N 2 , which asymptotes to 2.61N at large N . Thus, in this class of theories, with 2.5N < N f <Ñ f , it is strongly plausible that the mass gap for gauge fluctuations will behave as shown in fig. 1c ., and thus theories with N * f ≤ 2.61N will exhibit a finite mass gap for gauge fluctuations in the decompactification limit. In this case, N f = 2.5N presents a lower bound on the lower boundary. The correct values of N 16) where I inst is the number of zero modes associated with an instanton. Confinement is induced by (N −3) magnetic bions, which appear at order e −2S0 in the semiclassical expansion, and by 2 magnetic monopoles which appear at order e −S0 . This means that especially the small-N regime of QCD(AS) requires more care. In particular, for SU(3), the range of the conformal window estimated within our approach is same as QCD(F) and is given by 7.5 < N D f < 16.5 (of course, this is just because for SU(3), QCD(AS)= QCD(F)).
In general, for SU(N ) gauge group, the mass gap for gauge fluctuations in the semiclassical domain is given by: 17) At N = 3, there is no magnetic bion contribution to the mass gap. Hence, for that case, we must take the estimate coming from the monopole factor, as already explained above. For N = 4, there are two monopoles and one bion. The magnetic bion enters at a larger length scale. For this case, we guess that the conformal window should start somewhere in between 5 and 8 flavors. For N > 5, the monopoles are not the major source of confining field configurations. In particular, at large N , the monopole contribution is suppressed by 1/N relative to magnetic bions. Hence, we expect the conformal window to take place for:
Conformal windows of some chiral gauge theories
Our results for the conformal windows of the chiral theories we consider are summarized in Table 2 .
Notice that the gauge coupling at the fixed-point of the two-loop beta function in the predicted conformal window is not large, in most cases. Furthermore, we note that the conformal windows for the chiral theories at large N converge to those for theories with adjoints (see table 6 ). It would be of some interest to study the relation of this to the large-N orbifold/orientifold equivalence; in this regard we note that chiral theories similar to the ones considered here can be obtained by a brane orientifold construction [53, 54] .
Chiral SU(N) with N
W f generations of (AS, F)
We first discuss an SU(N ) chiral gauge theory with N W f generations of one AS and N − 4 antifundamental left handed Weyl fermions. This theory is gauge anomaly free. We wish to determine the conformal window of this class of theories using our techniques. There is compelling evidence [21] , based on 't Hooft anomaly matching and complementarity, that one-generation theories on R 4 exhibit confinement without chiral symmetry breaking. On small R 3 × S 1 it was found [37] , for N W f = 1, to also exhibit confinement without chiral symmetry breaking and it is expected that confinement without χSB holds at any radius and upon decompactification. Hence, the chiral symmetry characterization and truncated Schwinger-Dyson equations are not (at least naively) a useful tool to study the confinement-conformality transition in this class of theories. However, there may be other symmetrysinglet condensates which are nonvanishing in the confined phase and vanish in the conformal phase. We are not aware of such studies regarding chiral theories.
There are important nonperturbative differences between the chiral and vectorlike theories with regards to the structure of topological excitations. Although these will not alter our simple picture regarding confinement-which is again induced by magnetic bions-it is noteworthy to mention a few. As usual, with the use of the deformation theory, one can make the small-S 1 regime accessible to semiclassical analysis. There are N types of monopoles. The number of fermionic zero modes associated with each of these topological excitation is given by:
Distinctly from vectorlike theories, the generic monopole operators can be fermionic in this chiral case. The index (5.1) is often odd, meaning that the monopole operator is (schematically) of the form:
The (N − 1) monopole operators with fermion zero modes drop out of dynamics due to averaging over global symmetries, and do not contribute to the nonperturbative dynamics of the theory at order e −S0 . In the one-generation model, the first nonperturbatively induced global-singlet multi-fermion operator is The reader should consult [37] for details about the dynamics of this theory.
The leading-order beta function for this theory is:
Thus, we consider asymptotically free SU(N ) chiral theories with:
generations. As stated above, the mass gap for gauge fluctuations is induced by magnetic bions (and one magnetic monopole which we neglect below) and is of order: 5) where, as before b 0 = β 0 /N . Thus, according to our conjecture, the conformal window is expected to appear in the range: 
The confinement discussion has similarities with QCD(S) and is dominantly due to magnetic bions (and few magnetic triplets). The bion-induced mass gap is:
Thus, the conformal window is expected to appear in the range:
The nonperturbative aspects of this class of theories are examined in great detail recently in [37] , and they exhibit many interesting phenomena such as confinement with or without chiral symmetry breaking depending on N and K. We refer the reader to [37] for detailed discussions.
Chiral quiver gauge theories can be obtained by QCD(adj) by orbifold projections. The mechanism of confinement is, as in QCD(adj), magnetic bions. Moreover, the one-loop beta function for each gauge group factor coincides with QCD(adj). Consequently, the conformal window is expected to be in the range: 
Comparison with conformal window estimates of other approaches
Truncated Schwinger-Dyson and NSVZ-inspired beta function studies
To ease the comparison, we show the numerical results for the lower boundary of the conformal window for QCD(F/S/AS/Adj) in Tables 3, 4 , 5, and 6, respectively. We show the values obtained by using our approach (which we refer to as "deformation theory," or D.T.), the ladder approximation to the truncated Schwinger-Dyson equations, and the NSVZ-inspired approach (for which we show both the γ = 2 and γ = 1 results).
14 The Padè approximation of [29] yields an estimate consistent with ours:
6 ≤ N * f ≤ 9 for SU(3). It is interesting to note that for two-index representation fermions, the estimates of our approach and the Schwinger-Dyson equations differ only by a very small amount |N * f (ladder)−N * f (D.T.)| < 0.15, for 3 ≤ N ≤ ∞, whereas they disagree substantially with the γ = 2 NSVZ-inspired estimate but are close to the latter if γ = 1 is used.
The situation is reverted for the one-index fundamental representation where
25, for 3 ≤ N ≤ ∞ and with γ = 2, but the difference with the estimates of the Schwinger-Dyson approach is again quite large (although closer to the functional renormalization group results). The recent observation of [70] that a possible magnetic dual to SU (3) QCD(F) loses asymptotic freedom at N f > 8 is also consistent with the estimate from the conjectured beta function with γ = 2, as well as with our estimates (which in this case are likely to be lower bounds, see discussion at the end of section 4.3).
14 The values for the ladder approximation to the truncated Schwinger-Dyson equations are taken from ref. [17] . The two-loop beta function and one-loop anomalous dimension ofψψ are used. For QCD(F) we also include results taken from fig. 3 of ref. [18] , which uses the functional renormalization group along with the four-loop beta function (the value we give for infinite N is the result of our naive extrapolation of their results from the figure).
While we note that the discrepancy is consistent with our estimates being either lower or upper bounds on the boundary of the conformal window, we would like to argue that, most likely, the estimate of the deformation theory captures the correct regime in both cases. This is because the deformation theory estimate includes data regarding the mechanism of confinement, which the other approaches do not see. As shown in Table 1 , the mass gap and confinement in QCD(F) is due to magnetic monopoles, which enter at order e −S0 in the semiclassical expansion, and for QCD(AS/S/BF/Adj), confinement is generically due to magnetic bions, which appear at order e −2S0 in the topological expansion. Below, we will elaborate this statement. Table 4 : Estimates for lower boundary of conformal window in QCD(S), N * 
Kinematics, dynamics, and universality
The beta functions of QCD-like theories depend on the matter content and may be viewed as kinematic data, counting degrees of freedom. For the purpose of computing the beta function, when N is sufficiently large, at leading order we have the following relations between different representations of the fermionic matter: 1) in the sense that N f multiples of any of the above will induce the same beta function, at leading order in N , as can be checked explicitly. Note that in this limit one adjoint Weyl fermion counts as one Dirac AS/S, and since the adjoint representation is real, we count it in Weyl-fermion multiples. We can define the parameter:
characterizing the asymptotic freedom boundary for the representation R. It is not hard to see that, for all gauge theories examined in this paper, including the chiral ones, the upper boundary of the conformal window converges to a universal number regardless of what theory we deal with:
There is no dynamics entering to this universal number, it follows from counting.
We can also define a similar parameter for the lower boundary of conformal window. This parameter is crucial to isolate kinematic effects from dynamic effects in various approximations. It is defined similar to (6.2), by replacing N The fact that the parameter ξ * (R) is different in our estimates is tied with the different mechanism of confinement operating in one-or two-index theories, as stated earlier.
With monopole-and bioninduced confinements, the increasing or decreasing behavior of the mass gap as a function of L is determined by:
respectively, where b 0 = β 0 /N . If the sign is positive, the mass gap increases upon approaching R 4 , while for negative sign, it decreases. This dynamical information-monopoles vs. bions as the mechanism generating the mass gap-is not present in the other analytic approaches. It is the difference between the monopole-and bion-induced confinement that accounts for the different predictions of the deformation theory approach. At the same time, it should be noted that our approach shares a quality common with the other analytic approaches-the errors of our estimates are hard to evaluate.
Lattice gauge theory studies
In recent years, many groups have begun lattice studies aiming to first identify the conformal window in various vectorlike theories (and, later, to study the properties of the (nearly-)CFTs). Below, we summarize recent lattice results on the conformality vs. confinement issue and compare them with our bounds. We find that these are consistent with our estimates of the conformal window (remembering their rough nature). In various cases, different lattice studies claim results not consistent with each other, indicating that more work is required to obtain more definite results. However, we expect that in the next few years the lattice results in this regard will become more precise.
QCD(F):
The most studied example is that of SU (3) [56, 57] place the lower boundary in the interval 8 < N * f < 12. The results of [55] also disagree with the study [58] of the N D f = 8 theory claiming evidence for a true continuum (rather than a lattice-artifact) first-order thermal phase transition between a chirallysymmetric and chirally-broken phase (using staggered fermions at one value of the mass, argued to be sufficiently small [58] ). Such a transition is not expected to occur in the continuum chirally symmetric CFT at finite temperature, hence the authors argued that the eight-flavor theory is confining. An analysis by the same group [59] of the N D f = 12 theory found that the location of the transition there is insensitive to the physical temperature and is thus a "bulk" transition to the strongly-coupled confining and chirally-broken phase, a lattice artifact, implying thus consistency with a continuum CFT behavior.
On the other end of the spectrum (as far as estimates for the QCD(F) conformal window) ref. [60] measured the low-lying eigenvalues of the staggered Dirac operator, and argued that both N D f = 8, 12 are consistent with confinement and chiral symmetry breaking. At the same time, the authors stated that more studies of taste-breaking artifacts are needed to reach a definite conclusion.
These estimates, save for the study of [55] (the only one consistent with deformation theory taken at face value), are in (rough) agreement with the data given in Table 3 , given the uncertain nature of the theoretical estimates.
QCD(S):
The dynamics of SU(3) with two flavors (N D f = 2) of sextet Dirac fermions was recently studied by several groups [61] [62] [63] . Our estimate of the lower boundary of the SU(3) theory with Dirac sextets is N D f = 2.4 (see Table 4 ) and taken at face value would imply that the two-flavor theory is confining. In [61] a zero of the discrete beta function defined by the Schrödinger functional on rather small lattices was found, while the further study [62] of the finite-T confinement-deconfinement transition, using Wilson fermions, argued for consistency with the existence of an IR fixed point. The study of [63] is the only one using chiral dynamical quarks also claimed possible consistency with an IR fixed point, but was not conclusive due to the small volumes and statistics. See also the recent study of [64] of the volume scaling of the lowest eigenvalues of the Dirac operator.
QCD(adj):
SU (2) with N W f = 4 adjoint Weyl fermions (2 Dirac flavors) has been the subject of the recent lattice studies of [65] [66] [67] [68] [69] . The results of [65, 66] are consistent with either a conformal behavior or "walking" behavior and more studies are needed to be more conclusive. While the studies of [67, 68] are similarly inconclusive, the more recent study [69] of the running gauge coupling defined via the Schrödinger functional finds evidence for conformal behavior. This is consistent with our estimate and those of other approaches, given in Table 6 . Recall also, see §4.2, that the accuracy of our estimate does not allow us to be definite about N W f = 4.
Conclusions and prospects
We proposed a new method to determine the infrared behavior of asymptotically free Yang-Mills theories with massless vectorlike and chiral matter content. This technique and our estimates differs from all other existing methods in the literature in various ways. While all other existing methods are strongly influenced by two-loop perturbation theory, this data never enters our non-perturbative semiclassical analysis. Thus, there is no a priori reason for our approach to produce estimates in the same domain as other approaches, as we saw in §6.
The data crucial for the estimates of our approach is the knowledge of the mechanism of confinement in the semiclassical regime of these gauge theories. This knowledge was gathered over the last two years (confinement is due to magnetic monopoles, bions, triplets, quintets, depending on the particulars of the theory) using the calculability of the mass gap for gauge fluctuations in some domain of a circle compactification on R 3 × S 1 . We introduced a mass gap criterion to distinguish the conformal theories from confining theories on R 4 . This characterization also usefully applies to chiral gauge theories, for which a gauge invariant fermion bilinear does not exist. We conjectured that the behavior of mass gap as a function of radius, as shown in fig. 1 , provides a characterization of conformal versus confining theories.
As emphasized in §3.1, what makes the composite topological excitations so elusive is their non-(anti)selfduality. This means that they do not arise as solutions of Prasad-Sommerfield-type equations. Nonetheless, they are dynamically stable due to a fermionic "pairing" mechanism, and carry nonvanishing magnetic charge. Their action is a fraction of the 4d instanton action, In the future, it may be possible to improve our estimates by calculating the so-far-ignored prefactors of g in magnetic bion and triplet operators. This will generate log(ΛL) corrections in our mass gap formulas, and may be useful in determining various cases of indeterminacy.
An alternative approach, similar to the one of this paper and expected to work for theories with non-trivial center, such as QCD(adj), QCD(BF), and chiral quiver theories, is to compactify these theories on a small T 3 × R and impose twisted boundary conditions on gauge fields and fermions, by generalizing the analysis of [71] . Presumably, at arbitrary weak coupling, twisting will be sufficient to stabilize the center symmetry. In such a case, the deformations are not needed and small and large volume theories may indeed be smoothly connected in the sense of center symmetry. It may be interesting to see if one can probe the roots of conformality or confinement upon compactification to quantum mechanics or other toroidal geometries, T d × R 4−d , with d = 2, 3, 4. In particular, making progress on T 4 by using either deformation theory or twisted boundary conditions may provide direct comparison with lattice gauge theory. Finally, we note that recently it was conjectured that for QCD(F) in the large N limit, the transition from the chiral symmetry broken confined phase to the chirally symmetric conformal phase as a function of N f /N on R 4 may be of the Berezinsky-Kosterlitz-Thouless-type (BKT). The conjecture is based on some similarity between the RG description of the BKT transition and properties of the χSB-conformal transition in QCD(F), see ref. [72] for details. The physics behind the canonical BKT-transition is that the topological excitations (there: XYmodel vortices) are relevant in one phase and irrelevant in the other. This is reminiscent of the dilution versus non-dilution of our topological excitations as a function of S 1 radius. However, on a small S 1 × R 3 , there is really no phase transition between theories with N f ≤ N * f and N f > N * f . This is because at small L both classes of theories exhibit confinement without χSB, albeit the first class with a mass gap for gauge fluctuations increasing with the radius and the latter with a gap, which decreases with the radius. Thus, in the small-L regime, there is no sign of a BKT transition, and the two regimes are smoothly connected as a function of N f /N . However, if L is sufficiently large, the N f ≤ N * f theories are expected to exhibit confinement with χSB. On the other hand, at L large the deformed theories QCD(F) * with N f > N * f flow to CFTs and there is no χSB. Thus, at sufficiently large S 1 , a critical line exists between these two phases as shown on figure 3 , possibly of a BKT-type. The relevance versus irrelevance of topological excitations is probably necessary, but perhaps not sufficient to show that this transition is BKT-like. It would be interesting to examine the relation between the BKT-conjecture of [72] and our proposal in more detail. 
